Introduction
Throughout this paper, all groups are finite. Let G be a group and p a prime. Denote by p .G/ the number of Sylow p-subgroups of G. It is a trivial exercise to check that p .H / 6 p .G/ for every subgroup H of G. However p .H / does not necessarily divide p .G/ in general. For example, let G D A 5 and H D A 4 , then 3 .G/ D 10 and 3 .H / D 4. In 2003, G. Navarro [6] proved that if G is p-solvable, then p .H / divides p .G/ for every H 6 G.
We say that a group G satisfies DivSyl.p/ if p .H / divides p .G/ for every H 6 G. Our goal is to prove that G satisfies DivSyl.p/ provided every nonabelian composition factor of G satisfies DivSyl.p/ (see Theorem 1.1 below). This result substantially generalizes the result by Navarro since in p-solvable groups all nonabelian composition factors evidently satisfy DivSyl. p/. Our technique can also be applied to derive Navarro's theorem, so we provide an alternative proof for Navarro's theorem.
In order to formulate the main theorem, we need to recall some definitions. while the kernel of the homomorphism is denoted by C H .A=B/. If B D 1, then we simply write Aut H .A/. The groups of induced automorphisms were introduced by F. Gross in [1] , where the author says that this notion is taken from unpublished lectures by H. Wielandt. Clearly C H .A=B/ D C G .A=B/ \ H , so
that is, Aut H .A=B/ can be embedded into Aut G .A=B/ in a natural way. Hence, without loss of generality, we may assume that Aut H .A=B/ is a subgroup of Aut G .A=B/.
A composition series is called an .rc/-series if it is a refinement of a chief series. (This notion was introduced by V. A. Vedernikov in [11] .)
Notice that if G i =G i 1 (in the notation of the theorem) is nonabelian simple, it has a natural embedding into Aut G .G i =G i 1 / as a group of its inner automorphisms, and we identify G i =G i 1 with a normal subgroup of Aut G .G i =G i 1 / of all inner automorphisms.
At the end of the paper, we discuss possible ways of extending this statement and also explain how Navarro's result can be derived from this theorem.
Preliminaries
We write H 6 G and H G if H is a subgroup of G and H is a normal subgroup of G, respectively, and p denotes a prime number. A natural number n is called a p-number (respectively a p 0 -number) if it is a power of p (respectively if it is coprime to p). We denote by n p and n p 0 the pand p 0 -part of the natural number n. A group is said to be a p-group (respectively a p 0 -group) if its order is a p-number (respectively a p 0 -number). A group G is called p-solvable if it possesses a subnormal series with all sections either por p 0 -groups. If ' W X ! Y is a map, then '.x/ denotes the image of x 2 X, while for 2 Sym k we write i for the image of i 2 ¹1; : : : ; kº under . By Syl p .G/ we denote the set of all
If A is a p 0 -group, then jAj and jP j are coprime, in particular P \ A D 1. Since P normalizes A, we have that OEN A .P /; P 6 A \ P D 1, so N A .P / D C A .P /. The known properties of coprime action (see, for example, [4, Exercise 3E.4]) and
Recall that a group A is said to be an almost simple group if there exists a simple nonabelian group S such that S 6 A 6 Aut.S/. By the Schreier conjecture Aut.S/=S is solvable for each simple group S . Proof. This follows from Lemmas 2.2 and 2.3 since A=S is solvable.
be an .rc/-series of G and denote the section
be a composition series of G. Then there exist a permutation 2 Sym n such that Aut G .H i =H i 1 / 6 Aut G .S i / for i D 1; : : : ; n. Moreover, if the second series is an .rc/-series, then can be chosen so that Aut G .H i =H i 1 / ' Aut G .S i / for i D 1; : : : ; n.
The following simple lemma plays a technical role.
Lemma 2.6. Let G be a finite group, possessing a normal series
such that H is a p-group, K=H is a p 0 -group and G=K is a p-group. Let Q be a p-subgroup of G containing H and let P be a Sylow p-subgroup of G containing Q. Consider a natural homomorphism W G ! G D G=H:
Then every inverse image x of N x normalizes the full inverse image of Q. Since H 6 Q, the full inverse image of Q equals Q, so x normalizes Q. Consequently, N K .Q/ Â N K .Q/. By the conditions of the lemma, K D O p 0 .G/, so K G and jKj and jQj are coprime. Thus N K .Q/ D C K .Q/. Since H 6 P and P is a p-group, the identity
In this paper we often consider subgroups of a permutation wreath product, so we fix notation for such groups. If L is a group and K is a subgroup of the symmetric group Sym k , then L o K denotes the permutation wreath product. By def-
' L k ' L and K permutes the L i 's, that is, an arbitrary 2 K acts by W .g 1 ; : : : ; g k / 7 ! .g 1 1 ; : : : ; g k 1 /
for .g 1 ; : where g i 2 L i , and .g/ 2 Sym k permutes the g i 's. Given g D .g 1 ; : : : ; g k / .g/ of L o K, define i .g/ to be equal to g i . In particular, the restriction of i on L is the natural projection on L i . Now if S is a normal subgroup of L, then we can construct a normal subgroup
In order to construct S we need to take one representative L j from every K-orbit on ¹L 1 ; : : : ; L k º, then in each representative we need to take S j L j such that S j ' S and L j =S j ' L=S, and finally define S to be equal to the normal closure of the subgroup generated by S j 's. From the construction it is evident that if K is transitive, then S is uniquely defined by the choice of S 1 6 L 1 .
Lemma 2.7. Assume that T is a unique minimal normal subgroup of G. Assume also that T is nonabelian, i.e. T D S 1 S k , where S 1 ; : : : ; S k are isomorphic (moreover, G-conjugate) nonabelian simple groups. Let W G ! Sym k be the permutation representation corresponding to the action of G on ¹S 1 ; : : : ; S k º by conjugation. Then there exists an injective homomorphism
Moreover, if H 6 G and H T D G, then ' can be chosen so that for every H 6
Proof. 
defined in the following way. Fix right coset representatives r 1 ; : :
Then maps g to .n 1 .g/; : : : ; n k .g// .g/.
Consider a normal subgroup
Since T is the unique minimal normal subgroup of G and T is nonabelian, we have
Then the right coset representatives r 1 ; : : : ; r k of N G .S 1 / can be chosen from H . Hence if H 6 X 6 G, then for every x 2 X and i D 1; : : : ; k, we have
Therefore .X/ 6 N X .S 1 
Then the restriction of i on N G .S i / is a homomorphism and thus the restriction of i on N G .S i / is a homomorphism.
Since L=S is a p-group and K is a p-group, we have that .L o K/=S is a pgroup. Hence G=S is a p-group and QS D G.
we obtain P i 2 Syl p .L i /. Moreover, since Q as a subgroup of G permutes S i 's, we have that Q permutes N Q .S i /'s, and so Q permutes P i 's. This implies that Q normalizes P 1 P k . Consequently, .Q/ D K normalizes P 1 P k and the subgroup P D .P 1 P k / Ì K in condition (d) of the lemma is correctly defined. Since P i 2 Syl p .L i / and K is a p-group, we also have that P 2 Syl p .L o S/. Then by condition (d), Q 6 P , and so Q D P \ G.
Since G=S is a p-group, Lemma 2.1 implies that
(2.1)
If we can show that
then (2.1) and (2.2) would imply
and so the lemma follows.
Thus we only have to prove (2.2). Denote N S i .P i / by X i and let X D X 1 X k . Clearly
Syl p .X/ and X is an extension of a p-group by a p 0 -group. We show that P normalizes X and that N S .Q/ lies in X. By construction, P permutes P i 's, so P permutes X i 's, therefore P normalizes X 1 X k D X. In particular, .P / D .Q/ D K normalizes X and XK D X 1 o K. In order to show that N S .Q/ 6 X, consider x D . 
the group XP has a normal series
is the natural homomorphism. Now consider the corresponding natural homomorphisms Since .Q/ D K 6 Sym k is transitive, we obtain that
Thus
and (2.2) holds. Lemma 2.9. Assume T is a normal subgroup of G such that T D G 1 G k , and G=T is a p-group. Assume also that G acts on ¹G 1 ; : : : ; G k º by conjugation, i.e. for every x 2 G and i D 1; : : : ; k there exists j 2 ¹1; : : : ; kº with G x i D G j . Denote by i the natural projection i W T ! G i . Let H be a subgroup of G such that for every i D 1; : : : ; k we have that i .H \ T / equals either G i or 1, that is,
Proof. Suppose that this lemma is false and consider a counterexample .G; H / with jGj minimal. Then H 6 G is such that H \ T is a subdirect product of some of G i 's and p .H / does not divide p .G/. Let 1 ; : : : ; s be G-orbits of ¹G 1 ; : : : ; G k º and let G i j be a fixed element of j . In order to simplify notation, we assume G i 1 D G 1 . Assume that L 1 is a minimal characteristic subgroup of G 1 , then L 1 is a direct product of isomorphic simple groups, and either L 1 is elementary abelian or L 1 is a direct product of isomorphic nonabelian simple groups. For every i D 2; : : : ; s; fix the corresponding characteristic subgroup L i j of G i j so that L 1 ' L i j and G 1 =L 1 ' G i j =L i j . Denote by L the normal closure of hL 1 ; : : : ; L i s i in G, that is, L D hL x i j j x 2 G; j D 1; : : : ; si:
Evidently L is a direct product of some groups isomorphic to L 1 . In particular, L is abelian if and only if L 1 is abelian and L is a direct product of isomorphic nonabelian simple groups if and only if L 1 is a direct product of isomorphic nonabelian simple groups. Since G acts transitively by conjugation on each G-orbit, we obtain that L D 1 .L/ k .L/, 1 .L/ ' ' k .L/, and G also acts by conjugation on ¹ 1 .L/; : : : ; k .L/º. Hence, if we consider the natural homomorphism
Clearly G acts by conjugation on ¹G 1 ; : : : ; G k º and G=T ' G=T is a p-group. This shows that G satisfies the conditions of the lemma. We also have Assume first that L is abelian. Then PL is solvable, hence p .Q.H \ L// divides p .PL/ by Lemma 2.3. Thus we may assume that G 1 has no characteristic abelian subgroups and so G 1 has no normal abelian subgroups. Now assume that L is nonabelian. As we note above, L 1 is a direct product of isomorphic nonabelian simple groups. So L is also a direct product of isomorphic nonabelian simple groups, say L D S 1 S m . Then G acts by conjugation on ¹S 1 ; : : : ; S m º. Denote by j W L ! S j the natural projection. If Assume that L is not a minimal normal subgroup in PL. Then there exists K PL such that K < L. Since L D S 1 S m is a direct product of isomorphic simple groups, we obtain K D S We show that '.G/ as a subgroup of Aut G .S 1 3 Proof of the main theorem Assume Theorem 1.1 is false and let G be a counterexample of minimal order. We proceed in a series of steps to get a contradiction.
Step 1. If 1 6 D A G, then G=A satisfies DivSyl.p/.
Indeed, by Lemma 2.5, the group of induced automorphisms does not depend on the choice of an .rc/-series. Hence we may assume that
goes through A, i.e. A D G i for some i . Consider a natural homomorphism W G ! G D G=A:
is an .rc/-series of G. By [8, Lemma 1.2], Aut G .G j =G j 1 / ' Aut G .G j =G j 1 / for j D i C 1; : : : ; n, so G satisfies DivSyl.p/ by minimal counterexample.
Step 2. The solvable radical S.G/ (that is the largest solvable normal subgroup of G) is trivial. Suppose this is false. Then G=S.G/ satisfies DivSyl.p/ by Step 1. Moreover, for given P 2 Syl p .G/, the group PS.G/ satisfies DivSyl.p/ by Lemma 2.3. Hence G satisfies DivSyl.p/ by Lemma 2.2, a contradiction.
Step 3. Let T D S 1 S k be a minimal normal subgroup of G. Then G=T is a p-group. Consequently, T is the unique minimal normal subgroup of G, and S i is a nonabelian simple group for i D 1; : : : ; k.
Indeed, let P be a Sylow p-subgroup of G. If G=T is not a p-group, then P T is a proper subgroup of G. By Lemma 2.5, we may assume that
goes through T , that is, T D G k for some k 2 ¹1; : : : ; n 1º. Denote the image of P \ N G .G i =G i 1 / in Aut G .G i =G i 1 / by P i for i D 1; : : : ; k. By definition, P i .G i =G i 1 / D Aut P T .G i =G i 1 / 6 Aut G .G i =G i 1 /, and the conditions of the theorem say that for every p-subgroup Q of P i .G i =G i 1 / the group Q.G i =G i 1 / satisfies DivSyl.p/. Hence P T satisfies the conditions of the theorem, so by minimality, P T satisfies DivSyl.p/. Then Step 1 and Lemma 2.2 imply that G satisfies DivSyl.p/, a contradiction.
